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Abstract
Building on the result in [6], we examine the structure that emerges within the
predecessor structure of the accelerated Collatz map C : N → N
C (n) =

3n + 1
2M

where n ≥ 1 and the integer M is such that 2M+1 ∤ (3n + 1).
The inverse maps of both the “classic” and “accelerated” Collatz function
have been investigated by numerous authors. The “chalice” tree structure has
been studied in [1] and [5] and certain numeric properties are identified for a few
preimage iterates. In [2], the authors provide algorithms for computing 3x + 1
inverse trees. The authors in [3] derive formulas for the expected number of
leaves in a 3x + 1 tree of depth k whose root satisfies certain criteria. The author
in [4] poses a conjecture regarding the nature of certain preimage sequences
within the accelerated map. The author in [7] considers certain properties of
preimage sequences (modulo 2) in the classic problem.
Assume g is an odd positive integer. We define the j-predecessor set of g to
be

π(j) g = {l odd | C(j) (l) = g}.
We’ll inductively define a rooted tree structure T(g) with labelled vertices as
follows. We’ll say that the root of the tree has label g and we’ll define the height
of the root to be 0. For any vertex v of height i (i ≥ 0) and label m, we’ll say
that the vertex u (with label n) is a predecessor of v if n ∈ π(1) (m). We will also
define the height of u to be i + 1.
We define a vein at m to be the vertices of the form
Vm = {vb(j,m) | j ≥ 0}
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P j−1
where b( j, m) = 4 j m + i=0 4i and we define vm to be the head of the vein.
We will define the j-predecessor tree of g, denoted by T(j) (g), to be the subtree
of T(g) over the vertices of distance i (i ≤ j) from the root g. We define a j
j
predecessor branch in T(j) (g) to be a sequence (gi )i=0 where g0 = g and C gi =
gi−1 for i ∈ [ j].
We will also introduce a coloring c : N → {0, 1, 2} defined as
c(v g ) = g mod 3
for all odd integers g. With g and j as above, we’ll denote the colored predecessor trees by τ(g) and τ(j) g , respectively.
Consider the illustrated examples in Figure 1. We view a path of vertices
connected by solid edges to be veins, and we represent their common successor
to be connected to the head of the vein. In this example, one observes that the
three predecessor trees are isomorphic (modulo 3) up to height 2 (and each of
the corresponding branch colors differ at height 3).
The goal of this talk is to identify the permutations of strings over the set
{0, 1, 2} j that naturally arise within the colored predecessor trees of height j.
We detail some interesting characteristics of these ternary sequences, and we
outline an inductive construction of these permutations of the set {0, 1, 2} j. We
also connect these permutations to the conjecture of Banerji [4].
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(a) Illustration of the first few vertices in V1 .

(b) Illustration of the first few vertices in V1(01)9 .

(c) Illustration of the first few vertices in V1(01)18 .
Figure 1: Few of the vertices in the first tree are labelled with odd (binary) integers. The boxed
vertices in each tree highlight three branches (rooted at their central paths) whose colors agree up
to and excluding height 3 (the reader can convince himself that this property holds for any triple of
corresponding branches). These branches give rise to ternary sequences (e.g. the boxed branches
yield the sequences 221, 222 and 220) and the goal of this talk is to identify the structure of these
the ternary sequences.
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